Sections of maps with fibers homeomorphic to a two-dimensional manifold  by Brodsky, N.B.
Topology and its Applications 120 (2002) 77–83
Sections of maps with fibers homeomorphic
to a two-dimensional manifold
N.B. Brodsky 1
University of Saskatchewan, Department of Mathematics & Statistics, 106 Wiggins Road,
Saskatoon, SK, Canada S7N 5E6
Received 10 September 1999; received in revised form 20 June 2000
Abstract
Consider a Serre fibration p :E→ B which has constant (up to a homeomorphism) fibers p−1(b),
b ∈ B.
Shchepin’s Conjecture. A Serre fibration with a metric locally arcwise connected base is locally
trivial if it has a low-dimensional (of dimension n 4) compact manifold as a constant fiber.
This paper makes a first step toward proving Shchepin’s Conjecture in dimension n = 2. We say
that a Serre fibration p :E→ B admits local sections, if for every point b ∈ B there exists a section
of p over some neighborhood of b. The main result of this paper is the following
Theorem 4.4. Let p :E→ B be a Serre fibration of LC 0-compacta with a constant fiber which is a
compact two-dimensional manifold. If B ∈ANR, then p admits local sections.
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1. Introduction
Find the conditions under which a mapping p :E→ B is a locally trivial fibration—
this general problem is one of the interesting problems in topology. The obvious necessary
condition is to have constant (up to a homeomorphism) fibers p−1(b), b ∈ B . Besides we
suppose that p is a Serre fibration. These conditions imply (using a theorem of McAuley
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[5]) that p is a locally trivial fibration provided p is a mapping of LC1-compacta with a
one-dimensional polyhedron as a fiber [7] or p is a mapping of finite-dimensional LC1-
compacta with a two-dimensional manifold as a fiber [2]. Shchepin in written [1,10] and
oral form under name of bundle problem has conjectured the following.
Shchepin’s Conjecture. A Serre fibration with a metric locally arcwise connected base
is locally trivial if it has a low-dimensional (of dimension n  4) compact manifold as a
constant fiber.
This conjecture is very strong. In dimension n = 4 its positive solution implies that
cell-like mappings cannot raise the dimension of 4-manifolds. The positive solution of
Shchepin’s Conjecture in dimensions n= 3 and n= 4 implies the positive solution of the
Homeomorphism Group Problem. For more discussions see [6, Part C, §2]. In dimension
n= 1 this conjecture is proved in [7] even for non-compact fiber.
This paper makes a first step toward proving Shchepin’s Conjecture in dimension n= 2.
We say that a continuous mapping p :E → B admits local sections, if for every point
b ∈ B there exist a neighborhood Ob and a continuous single-valued mapping s :Ob →E
(section) such that p ◦ s = idOb . Clearly, every locally trivial fibration p admits local
sections. We are interested in finding conditions which guarantee that p admits local
sections. The main result of this paper is the following:
Theorem 4.4. Let p :E→ B be a Serre fibration of LC 0-compacta with a constant fiber
which is a compact two-dimensional manifold. If B ∈ANR, then p admits local sections.
2. Definitions and notations
All spaces will be separable metric spaces. If not otherwise stated, by mapping we mean
continuous single-valued mapping. We equip a product X× Y with the metric
distX×Y
(
(x, y), (x ′, y ′)
)= distX(x, x ′)+ distY (y, y ′).
By O(x, ε) we denote the open ε-neighborhood of the point x .
A multivalued mapping F :X→ Y is called submapping (or selection) of multivalued
mappingG :X→ Y if F(x)⊂G(x) for every x ∈X. The gauge of a multivalued mapping
F :X→ Y is defined as
cal(F )= sup{diamF(x) | x ∈X}.
The graph of multivalued mapping F :X→ Y is the subset
ΓF =
{
(x, y) ∈X× Y | y ∈ F(x)}
of the product X × Y . For arbitrary subset U ⊂ X × Y denote by U(x) the subset
prY (U ∩ ({x} × Y )) of Y . Then for the graph ΓF we have ΓF (x)= F(x).
A multivalued mapping G :X→ Y is called complete if all sets {x} ×G(x) are closed
with respect to some Gδ-set S ⊂ X × Y containing the graph of this mapping. A mul-
tivalued mapping F :X→ Y is called upper semicontinuous if for any open set U ⊂ Y
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the set {x ∈X | F(x)⊂U} is open in X. A compact mapping is an upper semicontinuous
multivalued mapping with compact images of points.
An increasing 2 sequence (finite or infinite) of subspaces
Z0 ⊂ Z1 ⊂Z2 ⊂ · · · ⊂Z
is called a filtration of spaceZ. A sequence of multivalued mappings {Fk :X→ Y } is called
a filtration of multivalued mapping F :X→ Y if for any F(x), {Fk(x)} is a filtration.
We say that a filtration of multivalued mappings Gi :X→ Y is complete (respectively
compact) if every mapping Gi is complete (respectively compact).
For spaces V ⊂ U a pair (V ,U) is called (respectively n-aspheric) polyhedrally n-
connected if any mapping (respectively of the n-dimensional sphere) of any polyhedron
of dimension  n into the space V is homotopic to a constant mapping in the space U .
Since a cone over an empty space is a one-point space, then for n = −1 this property
means that the space U is not empty.
A filtration of multivalued mappings {Fk :X→ Y } is called polyhedrally connected if
for any point x ∈X and for any k the pair (Fk(x),Fk+1(x)) is polyhedrally k-connected.
A pair of compacta K ⊂K ′ is called approximately n-aspheric if for some embedding
of K ′ into ANR-space for any neighborhood U of the set K ′ there is a neighborhood V
of the set K such that the pair (V ,U) is n-aspheric. A filtration of compact mappings
{Fm :X→ Y } is called approximately connected if for any point x ∈X and for any k the
pair (Fk(x),Fk+1(x)) is approximately k-aspheric. A compact K is called approximately
aspheric if the pair (K,K) is approximately n-aspheric for every n 2.
A multivalued mapping F :X → Y is called n-continuous at a point (x, y) ∈ ΓF of
its graph if for any neighborhood Oy of the point y , there are a neighborhood O ′y of
the point y and a neighborhood Ox of the point x such that for all x ′ ∈ Ox , the pair
(F (x ′)∩O ′y,F (x ′)∩Oy) is k-aspheric for all k < n. A mapping which is n-continuous at
all points of its graph is called lower n-continuous. Now the property of a continuous
mapping f :Y → X to be homotopically n-regular can be defined as lower (n + 1)-
continuity of the multivalued mapping f−1 :X → Y . And lower semicontinuity of a
multivalued mapping is equivalent to its lower 0-continuity.
A filtration of multivalued mappings {Gk}kn is called lower continuous if for every k
the mapping Gk is lower k-continuous.
3. Graph-approximation of multivalued mappings by single-valued mappings
Use will be made of compact filtration lemma from [8], which is stated here in weaker
form.
Lemma 3.1. Any polyhedrally connected lower continuous finite increasing filtration of
complete mappings of a compact space contains a compact approximately connected
subfiltration of the same length.
2 We consider only increasing filtrations indexed by a segment of the natural series starting from zero.
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The following result is weaker than the starlike connected refinement lemma from [8].
Lemma 3.2. Let a lower n-continuous mapping Φ :X → Y of compact metric ANRs
contains a compact submapping F . Then for any ε > 0 there exist positive numbers δ and
µ such that for every point (x, y) ∈O(ΓF , δ) the pair (O(y,µ)∩Φ(x),O(y, ε)∩Φ(x))
is polyhedrally (n− 1)-connected.
The following lemma is the main result of this section.
Lemma 3.3 (cf. [4, Theorem 2.5]). Suppose that a compact mapping of separable metric
ANRs F :X→ Y admits an infinite increasing compact approximately connected filtration.
Then for any compact space K ⊂X every neighborhood of the graph ΓF (K) contains the
graph of a single-valued and continuous mapping f :K→ Y .
Proof. Let U be an open neighborhood of the graph ΓF (K) in the productX×Y . Since F
is upper semicontinuous, there is a neighborhood OK of compactum K such that ΓF (OK)
is contained in U . Since any open subset of separable ANR-space is separable ANR-space
[3], we can denote OK by X and consider U as an open neighborhood of the graph ΓF .
For every point x ∈ X take open neighborhoods Ox ⊂ X of the point x and Vx ⊂ X
of the compactum F(x) such that the product Ox × Vx is contained in U . Using upper
semicontinuity of F we can choose Ox so small that the following inclusion holds:
F(Ox) ⊂ Vx . Fix an open covering ω1 of the space X which is starlike refinement of
{Ox}x∈X. Let ω2 be a locally finite open covering of the space X which is starlike refined
into ω1.
There exist a locally finite simplicial complexL and mappings r :X→L and j :L→X
such that the map j ◦ r is ω2-close to idX [3]. Fix a finite subcomplex N ⊂ L containing
the compact set r(K). Define a compact mapping Ψ :N → Y by the formula Ψ = F ◦ j .
Clearly, the mapping Ψ admits a compact approximately connected filtration of any length
(particularly, of the length dimN ). Let us define a neighborhoodW of the graph ΓΨ . For
every point q ∈N we put
W(q)=
⋂{U(y) | y ∈ stω1(Stω2(j (q)))}.
By Stω2(j (q)), we denote the star of the point j (q) with respect to the covering ω2. And
by st(A,ω), we denote the set
⋃{U ∈ ω |A⊂U}.
By a single-valued approximation theorem from [8], there exists a single-valued
continuous mapping ψ :N → Y such that the graph Γψ is contained in W . Put f =
ψ ◦ r :X→ Y . For any point x ∈K we have
ψ
(
r(x)
) ∈⋂{U(x ′) | x ′ ∈ Stω2(j ◦ r(x))}.
Since x ∈ Stω2(j ◦ r(x)), then ψ(r(x)) ∈ U(x). That is, the graph of f is contained in
U . ✷
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4. Main results
Let d be a positive number. We say that a space Z is d-hereditarily aspheric if every
compactum K ⊂ Z of diameter diamK < d is approximately aspheric. The following
lemma is the basic construction of this section.
Lemma 4.1. Let Φ :X → Y be a lower 2-continuous multivalued mapping of ANR-
compacta such that every set Φ(x) is d-hereditarily aspheric. Let K ⊂X be a compactum,
and OK be its neighborhood. Suppose that F0 ⊂ F1 ⊂ F2 : OK → Y is a compact
approximately connected filtration of the mapping Φ such that calF2 < d . Then for any
neighborhood U of the graph ΓF2 and for any ε > 0 there exist a neighborhood OK of the
compactum K and a compact approximately connected filtration F ′0 ⊂ F ′1 ⊂ F ′2 : OK → Y
of the mapping Φ such that ΓF ′2(K)⊂ U and calF ′2 < ε.
Proof. Fix a neighborhoodU of the graph ΓF2 and positive number ε < d . Take a positive
number ε2 < ε/2 such that for any point x ∈ K the set O(F2(x),2ε2) is contained in
U(x). Subsequently applying Lemma 3.2 with n = 1,0,−1, we find positive numbers
ε1, ε0, and δ such that δ < ε0 < ε1 < ε2 and for every point (x, y) ∈ O(ΓF2, δ) the pair
(O(y, ε1) ∩ Φ(x),O(y, ε2) ∩ Φ(x)) is polyhedrally 1-connected, the pair (O(y, ε0) ∩
Φ(x),O(y, ε1)∩Φ(x)) is polyhedrally 0-connected, and the intersection O(y, ε0)∩Φ(x)
is not empty.
Since calF2 < d , then every set F2(x) is approximately aspheric and we have infinite
compact approximately connected filtration
F0 ⊂ F1 ⊂ F2 ⊂ F2 ⊂ F2 ⊂ · · · ⊂ F2 : OK → Y.
Since OK is open subset of ANR-compactum X, then OK is separable ANR-space [3].
Hence, Lemma 3.3 is applicable to the mapping F2 : OK → Y and compactum K . By
Lemma 3.3, there exists a continuous single-valued mapping f :K → Y whose graph is
contained in O(ΓF2, δ). Let f ′ : OK → Y be a continuous extension of the mapping f
over some neighborhood OK such that the graph of f ′ is contained in O(ΓF2, δ). Now we
can define a polyhedrally connected complete filtration G0 ⊂ G1 ⊂ G2 : OK → Y of the
mapping Φ|OK by the equality
Gi(x)=O
(
f ′(x), εi
)∩Φ(x).
Since the set
⋃
x∈OK{{x}×O(f ′(x), εi)} is open in the product OK × Y and the mapping
Φ is complete, then Gi is also complete. Clearly, calG2 < 2ε2 < ε and for any point
x ∈K the set G2(x) is contained in U(x) by the choice of ε2. Now, applying Lemma 3.1
to the filtration G0 ⊂G1 ⊂G2, we obtain a compact approximately connected subfiltration
F ′0 ⊂ F ′1 ⊂ F ′2 : OK → Y . This completes the proof of Lemma 4.1. ✷
Theorem 4.2. Let p :E→ B be a homotopically 1-regular mapping of metric compacta
such that every fiber p−1(b) is d-hereditarily aspheric. If B ∈ ANR, then p admits local
sections.
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Proof. We fix points b0 ∈ B and y ∈ p−1(b0). Let us embed the mapping p into the
projectionB×Q→B (we denote Hilbert cube byQ). Let us denote the ANR-compactum
B ×Q by Y , and the multivalued mapping p−1 :B→ Y by Φ . Since p is homotopically
1-regular, the mappingΦ is lower 2-continuous. Consider the set O2 =O(y,d/2) and take
open neighborhoodsO0 ⊂O1 ⊂O2 of the point y such that for every point b ∈ p(O0)⊂ B
the filtration O0(b) ∩ Φ(b) ⊂ O1(b) ∩Φ(b) ⊂ O2(b) ∩ Φ(b) is polyhedrally connected.
For the open set U1 = p(O0) we can define a complete polyhedrally connected filtration
of multivalued mappings G0 ⊂G1 ⊂G2 :U1 → Y by the equality Gi(b)=Oi(b)∩Φ(b).
By Lemma 3.1, there exists a compact approximately connected subfiltration F (1)0 ⊂
F
(1)
1 ⊂ F (1)2 :U1 → Y . Note that calF (1)2 < d . We fix compact neighborhoodK of the point
b0 such that K ⊂ U1. Let us construct a section of the mapping p over K (equivalently, a
continuous single-valued selection of the mapping Φ|K ).
Let U1 be an arbitrary neighborhood of the graph ΓF(1)2 . By induction with the use of
Lemma 4.1, we can construct a sequence of neighborhoods U1 ⊃ U2 ⊃ U3 ⊃ · · · of the
compactumK , a sequence of compact approximately connected filtrations {F (k)0 ⊂ F (k)1 ⊂
F
(k)
2 :Uk → Y }∞k=1 of the mapping Φ , and a sequence of neighborhoods Uk , k  1, of the
graphs Γ
F
(k)
2
such that for every k  2 the gauge of the mapping F (k)2 does not exceed 1/2k
and Uk(K) is contained in Uk−1(K). It is not difficult to choose the neighborhood Uk of
the graph Γ
F
(k)
2
in such a way that every set Uk(b) has diameter less than 3/2k .
Then for every m k  1 and for every point b ∈K we have
F
(m)
2 (b)⊂O
(
F
(k)
2 (b),
3
2k
)
.
Therefore, the sequence {F (k)2 |K :K→Q}∞k=1 is fundamental. Clearly, the limit s of this
sequence is a selection of the mappingΦ|K . Since calF (k)2 < 1/2k , the mapping s is single-
valued. Finally, the mapping s is upper semicontinuous (and, therefore, is continuous) by
the upper semicontinuity of all the mappings F (k)2 . ✷
Theorem 4.3. Let p :E→ B be a homotopically 0-regular mapping of metric compacta
with a constant fiber which is a compact two-dimensional manifold. If B ∈ ANR, then p
admits local sections.
Proof. By a theorem of Whyburn [9] the mapping p is homotopically 1-regular. Since
every open proper subset of two-dimensional manifold is aspheric, every compact proper
subset of 2-manifold is approximately aspheric. Then for d = inf{diamp−1(b) | b ∈ B}
every fiber p−1(b) is d-hereditarily aspheric. Now we can apply Theorem 4.2 to complete
the proof. ✷
Theorem 4.4. Let p :E→ B be a Serre fibration of LC 0-compacta with a constant fiber
which is a compact two-dimensional manifold. If B ∈ANR, then p admits local sections.
Proof. By a theorem of McAuley [5] the mapping p is homotopically 1-regular, and
application of Theorem 4.3 completes the proof. ✷
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